Abstract. We prove that the numerical invariant 3µ − 4τ increases when we perform a blowup for a reduced irreducible plane curve singularity. This provides a new perspective to understand the question posed by A. Dimca and G.-M. Greuel. Moreover, our work can be put in the general framework of discovering monotonic invariants under blowups.
Introduction
Blowups are very important tools in algebraic geometry. We can obtain a resolution of a singular complex algebraic variety using successive blowups, and this explains to some extent the remarkable role of blowups in singularity theory; see the celebrated paper by H. Hironaka [7] or the exposition by J. Kollár [9] . The most extensively studied case is for plane curves, see for instance, [9] , Chapter 1, or [12] , Chapter 8 or [16] , Chapter 3 or [1] , Chapter 4. Among the key reasons for our success to resolve singularities using blowups is that some numerical invariants decrease or increase when a blowup is performed. It is this monotonicity nature of these numerical invariants that ensures that our blowup sequence will terminate after a finite number of steps. However, to our knowledge, there is still no systematic way to seek numerical invariants which are monotonic under blowups.
For a reduced irreducible plane curve C, the numerical invariants we often use are the Milnor number µ(C) and the Tjurina number τ (C); for their definitions, see Section 2 below. They both decrease if we perform one blowup, that is, if C is the strict transform of C under a single embedded blowup, then µ( C) ≤ µ(C) and τ ( C) ≤ τ (C), and the equality holds only if C is smooth. In this article, we will show that their combination 3µ − 4τ however changes in the opposite way under a blowup. We will prove the following result. Theorem 1.1. Let (C, 0) ⊂ (C 2 , 0) be a reduced irreducible plane curve germ, and C is the strict transform of C under a single embedded blowup at 0 ∈ C 2 . Then the following hold: 3µ( C) − 4τ ( C) ≥ 3µ(C) − 4τ (C).
Moreover, the equality holds if and only if C is smooth.
A direct consequence is a positive answer to the irreducible case of the following question posed by A. Dimca and G.-M. Greuel in [3] . for any isolated plane curve singularity ?
In fact, one of the motivations of our work is to answer this question by showing that 3µ − 4τ has some monotonicity along a blowup sequence; see the end of Section 4 in the sequel. We are informed that two groups of mathematicians have already solved the irreducible case independently; see [10] and [5] . Our proof of Theorem 1.1 relies on Theorem 13 in [5] , and consequently, we will not give an independent solution. But as one can easily see, Theorem 1.1 is stronger than an affirmative answer to Question 1.2. In addition, we will avoid applying the formula for the generic dimension of the moduli space obtained in [4] , which is a crucial ingredient in both [10] and [5] . And our method probably helps to tackle the reducible case.
Another motivation of our work is an attempt to borrow useful ideas from differential geometry to study singularities. In the analysis of a geometric flow, some increasing or decreasing quantities along the flow are very useful and even indispensable. A typical example is the Ricci flow. In the proof of the famous Poincaré Conjecture, one of the most outstanding achievements of G. Perelman is to discover some monotonic quantities under the Ricci Flow, with the help of which non-collapsing results can be obtained. For more details about Perelman's contributions as well as a complete proof of the Poincaré Conjecture, we refer the interested reader to [11] . Similarly, as mentioned at the beginning of this note, we also need to discover monotonic invariants in order to have a control of the blowup sequences when we construct resolutions of singularities. If we see a blowup sequence denoted by,
as a "discrete flow" of singularities, then our search of monotonic numerical invariants is natural and indispensable from the framework of geometric flow in differential geometry. We hope this new perspective will help in our future analysis of blowup sequences.
In the last part of this paper, we will consider singularity comparison for which monotonic invariants under blowups are very useful. Given an interesting class of singularities, we may compare two of them and say one is smoother or more singular than another. We say a singularity X ′ is smoother than another X if X ′ can be obtained by a sequence of successive blowups of X. In practice, it is difficult to check whether a singularity X ′ is smoother than X; but if we could find a numerical invariant, denoted by I, that increases under a blowup, then definitely, we have that X ′ is not smoother than X if I(X ′ ) < I(X). We will explain more details and give some examples to illustrate the basic ideas.
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Numerical invariants for plane curves
All plane curve germs in the sequel will be reduced and irreducible unless otherwise specifically mentioned, they are also called plane branches. We will not distinguish between a complex space and its representatives and we are free to choose the representative as small as we want when necessary.
In this section we will introduce the basic notions and notations, especially, the numerical invariants for a plane curve. We refer to [16] , [6] and [17] for more details.
2.1. Invariants. A germ of plane curve (C, 0) ⊂ (C 2 , 0) is defined by an irreducible reduced holomorphic function germ f ∈ C{x, y} such that f (0, 0) = 0. The Puiseux parametrization for (C, 0) is given by
where s(t) ∈ C{t}. The Puiseux characteristic (m; β 1 , · · · , β g ) is determined as follows: denote by β 0 = m and e 0 = m. For i ≥ 1, define β i = min{j : a j = 0 and e i−1 ∤ j} and e i = gcd(e i−1 , β i ).
We call m the multiplicity of C as well as f by abuse of notation. The Puiseux series given as above, we can assume that f is a Weierstrass polynomial by the Weierstrass preparation theorem (see [6] , Theorem 1.6, p. 11), that is, f is of the following form
where
The Milnor number of C is defined by
and the Tjurina number of C defined by
Let ν : (C, 0) → (C, 0) be the normalization, then as shown in [3] , Theorem 1.2 (2) and Remark 3.1, we have that
where Ω C is the module of Kähler differentials on C; similar for Ω C .
2.2.
Changes under a blowup. Let π : C → C be the strict transform of C under an embedded blowup of C 2 at 0. With the help of local coordinates, the blowup can be represented as
so the local defining function of C in the local coordinates (x 1 , y 1 ) is given by
It is well-known that µ(C) − µ( C) = m(m − 1); see [16] , Theorem 6.59, p. 149. Moreover, let ν : (C, 0) → ( C, 0) be the normalization, then similar to (2), we have
and thus,
Equisingular deformations of a curve
In this section, we consider deformations of a curve germ. For the basic theory, we refer to [13] , and [6] , Chapter 2.
3.1. Definition. Given a plane curve germ (C, 0) ⊂ (C 2 , 0). We will focus on equisingular deformations of (C, 0); see [6] , Chapter 2, Definition 2.6, p. 271. A deforma-
is called an equisingular deformation if there exists a section σ : (T, t 0 ) → (C , 0) such that the following holds: There exist small representatives of (i, φ, σ) and a commutative diagram of complex spaces of morphisms
together with pairwise disjoint sections
→ T with the following properties:
(i) The lower row of (5) induces a minimal embedded resolution of the plane curve
is the section (induced by) σ, and (
, and E (1) is the exceptional divisor of π 1 .
(iv) For ℓ ≥ 1, we require inductively that
are precisely the non-nodal singular points of the reduced total transform of (C, 0)
, of the respective germs of the reduced total transform
The sections are compatible, that is, for each j = 1, · · · , k ℓ , there is some
is the strict transform of
, and E (ℓ+1) is the exceptional divisor of the composition
3.2. Properties of equisingular deformations. An equisingular deformation of a curve germ is equivalent to any of the following deformations:
(i) a µ-constant deformation, see [6] , Corollary 2.68, p. 371.
(ii) a topologically trivial deformation, see [14] , [8] and [15] .
(iii) a constant semigroup deformation, see [13] . Moreover, the equisingular deformation of a curve is unobstructed and has a nonsingular miniversal base space, see [13] , 3.1.1, Corollary 1, p. 132. In the sequel, we will assume that the deformation (C, 0)
is the miniversal deformation; as in [13] , we denote by τ − (C) = dim T . From [13] , 3.1.2, Corollary 2, p. 132, there exists a section σ : (T, t 0 ) → (C , x 0 ) such that it picks out the unique singular point of each fiber of φ.
From (i, φ, σ), we can obtain the commutative diagram (5). We introduce the following notations
and the natural morphisms
and in addition, φ : C → T, φ : C → T. Proof. If C is smooth, the conclusion trivially holds. So we will focus on the case where C is not smooth.
Suppose the equation of C is given in (1), then the local defining function ofC is given as in (3) by
gives a system of generators over C{x 1 } of the Tjurina algebra
so there exist τ ( C) elements of C{x 1 }[y 1 ] of the following form
such that they represent a basis of the vector space C{x 1 , y 1 }/( f , ∂ f /∂x 1 , ∂ f /∂y 1 ). From [6] , Theorem 1.16, p. 238, the miniversal deformation of C is given by
The remaining proof will be divided into three steps.
Step
, 0) be the miniversal equisingular deformation of C. Since Y → T is a priori a deformation of C, from the versality of X → (C τ ( C) , 0), there exists a morphism
under which Y → T is the pullback of X → (C τ ( C) , 0). Therefore, the miniversal equisingular deformation Y → T can be represented as
Denote by C t ⊂ C 2 the plane curve germ defined by equation f t (x 1 , y 1 ) = 0, for t ∈ T .
Step 2: Blowing down deformations of C. From [13] , 3.12, Corollary 2, p. 132, we have a section of the deformation (Y , y 0 ) → ( T , t 0 ) which picks out the unique singular point of each fiber. So there exists a morphism
such that σ( t) is the unique singular point of C t . Then mult σ( t) (C t ) = mult 0 ( C) and µ( C t ) = µ( C) for all t ∈ T due to the equisingularity of the deformation Y → T . For t ∈ T , define
and F (x, y, t) = f t (x, y). From (6), it follows that F (x, y, t) ∈ C{x, y, t − t 0 }.
and ψ : Z → T be the morphism induced by the natural projection (
We claim that ψ is flat. Indeed, since Z is a hypersurface, it is Cohen-Macaulay; moreover, T is smooth and each fiber of ψ has dimension 1 = dim Z − dim T ; the flatness follows immediately by [6] , Proposition 1.85, p. 88.
2 be the plane curve defined by equation f t (x, y) = 0. Then σ( t) is a singular point of C t of multiplicity m; in addition, C t is clearly a blowup of C t . Hence by [16] , Theorem 6.58, p. 149, we have
and thus the deformation Z → T is equisingular; see [6] , Corollary 2.68, p. 371. It is clear that Y is isomorphic to the equisingular blowup of Z along σ.
Step 3: Versality of C .
Recall that C → T is a miniversal equisingular deformation of C. Form its versality, the equisingular deformation Z → T can be obtained as a pullback of C → T under a morphism ρ : ( T , t 0 ) → (T, t 0 ). Since Y is isomorphic to an equisingular blowup of Z , it is isomorphic to the pull back by ρ of the equisingular blowup of C , which is exactly C . Now the versality of C → T follows from that of Y → T .
Relative Kähler differentials and minimal Tjurina numbers
Let (C, 0) ⊂ (C 2 , 0) be a (reducible and irreducible) curve singularity germ of multiplicity m. Let (C , x 0 ) φ − → (T, t 0 ) be a miniversal equisingular deformation of C. As in the previous section, we have morphisms
Relative Kähler differentials.
Denote by Ω C /T the O C -module of relative Kähler differentials; similarly we have Ω C /T and Ω C /T . Define
then F is a coherent sheaf of O C -modules. Note that Supp(F ) is finite over T , hence φ * F is a finite O T -module, and thus we can define
From semicontinuity theorem, see [16] , Theorem 1.81, p. 84, it follows that the function t → τ (t) is upper-semicontinuous on T in the analytic topology. Thus, there exists D min ∈ N and an analytically open dense subset
Moreover, we have that
where C t = φ −1 (t) and C t = φ −1 (t); it follows from (4) that
thus the function t → τ (C t ) − τ ( C t ) is also upper semicontinuous and
and the minimum can be achieved at any point in T 1 . In particular, we have
Minimal Tjurina numbers.
Since Tjurina number is upper semicontinuous, see [16] , Theorem 2.6, p. 114, there exists two numbers τ min , τ min ∈ N and an analytically open dense subset T 2 of T such that min t∈T τ (C t ) = τ min and min t∈T τ ( C t ) = τ min , and (10) τ (C t ) = τ min , and τ ( C t ) = τ min , ∀ t ∈ T 2 .
Let T * = T 1 ∩ T 2 , then for all t ∈ T * , we have from (10) and (8) that
Since the equisingular deformations C → T and C → T are both versal, the numbers τ min and τ min coincide with the minimal Tjurina numbers studied in [5] . From Theorem 13 in [5] and (11), the following lemma follows. 
where p 1 (C) is an invariant depending on the Puiseux characteristic of C and satisfies the following property:
Hence we have the following estimate on D min .
Claim 4.4. If the multiplicity m ≥ 2, we have
Proof. Denote by
and we need to show ∆ > 0. Our proof will be divided into two cases. Case 1: the multiplicity m is even. We have p 1 (C) ≥ 1 and
Case 2: the multiplicity m ≥ 3 is odd. We have p 1 (C) ≥ 0 and
therefore we also have ∆ > 0.
4.5. Proof of Theorem 1.1. From (9), we have
then Theorem 1.1 follows immediately from Claim 4.4. Now we can give a proof of the irreducible case of Question 1.2. Suppose (C, 0) is an irreducible reduced plane curve. There exists a minimal resolution of C by successive embedded blowups
where C (N ) is smooth while for i < N, C (i) is singular; in addition, for 0 ≤ i < N, C (i+1) is the strict transform of C (i) under a single blowup; see for instance, [16] , Chapter 3, p. 43. From Theorem 1.1, it follows that
In particular, we have
.
Comparison of singularities
Given a class of singularities S . For instance, the class of isolated hypersurfaces singularities, the class of isolated complete intersection singularities, the class of irreducible curve singularities, and so on.
Definition 5.1. For two singularities X ′ , X ∈ S , we say X ′ is smoother than X, or X is more singular than X ′ if X ′ can be obtained from X by a sequence of successive blowups.
Let I : S → R be a function such that it associates the same value to analytically isomorphic members of S . We call I a numerical invariant for the class S .
Example 5.2. Let S be the class of reduced, irreducible plane curve germs. For C ∈ S , define I(C) = µ(C), then I = µ is a numerical invariant.
Similarly, the multiplicity and Tjurina number τ are also numerical invariants for S . Thus 3µ − 4τ is also a numerical invariant for S . Definition 5.3. Suppose I is a numerical invariant for the class S .
We call I an increasing (resp. decreasing) invariant under blowups if for any singularity X is a singularity and X being the strict transform of X by a single blowup, I( X) ≥ I(X) (resp. I( X) ≤ I(X)). If in addition, we have I( X) > I(X) (resp. I( X) < I(X)) when the singularity X is not smooth, then we say that I is strictly increasing (resp. strictly decreasing).
Milnor number ad Tjurina number are useful increasing invariants under blowups for isolated singularities. Our Theorem 1.1 can be restated as follows. Clearly, if I is a strictly increasing numerical invariant under blowups and I(Y ) ≤ I(X) for X, Y ∈ S , then Y cannot be smoother than X. Thus, monotonic numerical invariants under blowups can indeed tell something useful about comparison of singularities in an easy way. Even for the class of plane curve singularities, it is not easy to tell if one given curve is smoother than another or not. Minor numbers and Tjurina numbers are easy to compute, but are not very effective; although Puiseux characteristics are very effective, they are not easily computable.
In the following examples, we will compute and compare the Milnor number µ, Tjurina number τ and the invariant 3µ − 4τ of the curve germs at 0. The computations are completed using Singular software; see [2] .
Example 5.5. For the curves C : x 11 + y 11 + x 6 y 6 = 0 and C ′ : x 9 + y 9 + x 6 y 6 = 0, we have µ(C) = 100, τ (C) = 84, 3µ(C) − 4τ (C) = −36, and µ(C ′ ) = 64, τ (C ′ ) = 60, 3µ(C ′ ) − 4τ (C ′ ) = −48. So C ′ is not smoother than C.
Example 5.6. For the curves C : x 13 + y 12 + x 6 y 7 = 0 and C ′ : x 11 + y 10 + x 6 y 6 = 0, we have µ(C) = 132, τ (C) = 108, 3µ(C) − 4τ (C) = −36, and µ(C ′ ) = 90, τ (C ′ ) = 48, 3µ(C ′ ) − 4τ (C ′ ) = −42. So C ′ is not smoother than C.
